Due to the absence of the long-range van der Waals (vdW) interaction, conventional density functional theory (DFT) often fails in the description of molecular complexes and solids. In recent years, considerable progress has been made in the development of the vdW correction. However, the vdW correction based on the leading-order coefficient C 6 alone can only achieve limited accuracy, while accurate modeling of higher-order coefficients remains a formidable task, due to the strong non-additivity effect. Here, we apply a model dynamic multipole polarizability within a modified single-frequency approximation to calculate C 8 and C 10 between small molecules. We find that the higher-order vdW coefficients from this model can achieve remarkable accuracy, with mean absolute relative deviations of 5% for C 8 and 7% for C 10 . Inclusion of accurate higher-order contributions in the vdW correction will effectively enhance the predictive power of DFT in condensed matter physics and quantum chemistry. In the last two decades, there has been strong interest in the study of the long-range van der Waals (vdW) interaction between molecules. This interest is motivated by the fact that, while conventional density functional theory (DFT), in particular, at the semilocal level, can capture the shortrange part 1 arising from the density overlap, the long-range vdW interaction is missing. As a result, it often fails to describe the intermolecular interaction and phenomena arising from it (e.g., sublimation and physisorption). It has been shown that a proper vdW correction can significantly improve the performance of conventional DFT, greatly extending its applicability to a broader class of problems such as molecular complexes and solids 2-9 and layered materials.
In the last two decades, there has been strong interest in the study of the long-range van der Waals (vdW) interaction between molecules. This interest is motivated by the fact that, while conventional density functional theory (DFT), in particular, at the semilocal level, can capture the shortrange part 1 arising from the density overlap, the long-range vdW interaction is missing. As a result, it often fails to describe the intermolecular interaction and phenomena arising from it (e.g., sublimation and physisorption). It has been shown that a proper vdW correction can significantly improve the performance of conventional DFT, greatly extending its applicability to a broader class of problems such as molecular complexes and solids [2] [3] [4] [5] [6] [7] [8] [9] and layered materials. 10, 11 The vdW interaction is an important long-range nonlocal correlation arising from instantaneous charge fluctuations on each density fragment. It is ubiquitous and affects the properties of liquids 12 and solids. 13 According to secondorder perturbation theory, 14, 15 the vdW interaction between two well-separated spherical densities takes the asymptotic form 16 ,17
where R is the distance between centers of two density fragments, while C 6 , C 8 , and C 10 are the vdW coefficients, describing the dipole-dipole (C 6 ), dipole-quadrupole (C 8 ), as well as dipole-octupole and quadrupole-quadrupole (C 10 ) interactions, respectively. In the modeling of the vdW interaction, the central task is the calculation of vdW coefficients. The vdW coefficients including higher-order ones can be evaluated with highly accurate wave function-based ab initio methods 18 or less accurate but improvable timedependent DFT within the linear response theory. 19 However, a) Electronic address: jianmin.tao@temple.edu due to the high sensitivity to basis size, reliable calculation of the vdW coefficients, in particular, the higher-order ones between molecules with these methods, is computationally demanding. Therefore, simulation of higher-order vdW coefficients with simple yet accurate methods is highly desired. Despite the considerable progress made in the simulation of vdW coefficients between molecules, 12,20-31 most methods have been limited to the leading order coefficient C 6 . Becke and Johnson 22 proposed a model for both the leading-order (C 6 ) and higher-order vdW coefficients (C 8 and C 10 ) within the framework of DFT, by assuming that the vdW energy is due to the interaction between multipole moments created with electrons and the associated exchange hole. The input to this exchange-hole multipole moment model is the accurate static dipole polarizability of atoms. Numerical tests show that this model can yield accurate C 6 for atom pairs, with a mean absolute relative error (MARE) of only 3%. However, the error becomes significantly large for C 8 and C 10 , with MARE of about 20%. Lima 32 proposed a model dynamic multipole polarizability, which can generate vdW coefficients up to C 14 for atom pairs, with MARE of around 5%, but this good accuracy is largely due to the empirical adjustment of many parameters, which usually is not easily transferrable from one class of systems (e.g., atom pairs) to another (e.g., molecular pairs). Thakkar et al. proposed a simpler but less accurate empirical formula relating C 8 and C 10 to C 6 for atom pairs. 33 Some attempts 26, 34 were made to account for the higher-order (C 8 ) contribution in terms of C 6 for molecular systems, but it is not equivalent to the corresponding coefficient in Eq. (1) .
It has been shown 15, 35, 36 that higher-order contributions account for at least 20% of the long-range vdW interaction at equilibrium separation and can even be much more in densely packed molecular crystals. 8, 9, 37, 38 This can be understood via Eq. (1) . When R at equilibrium is not so large, in particular, for densely packed solids, C 8 and C 10 terms can be as large as C 6 term. 9 Clearly, a vdW correction based on the leading-order coefficient C 6 alone is not sufficient to provide adequate description of the long-range vdW interaction in many molecular solids. Inclusion of higher-order contributions is important for achieving systematic improvement of the vdW correction even within sophisticated pairwise models. [5] [6] [7] [8] Based on a conducting solid sphere of uniform density, Tao 40, 41 proposed another dynamic multipole polarizability model, which goes beyond the classical shell model, 42 to simulate the vdW coefficients for molecules with a cavity (e.g., fullerenes). When the cavity vanishes, this hollow-sphere model reduces exactly to the solid-sphere model by construction. Numerical studies show that this hollow-sphere model can generate C 6 for fullerene pairs and fullerene-simple metal cluster pairs accurately, with the MARE of less than 7%. However, its performance for molecular pair interactions, in particular, on higher-order coefficients has not been studied yet.
Accurate modeling of higher-order coefficients between molecules remains a formidable task. A fundamental reason is that higher-order coefficients have much stronger nonadditivity arising from non-additive many-body interaction and electron delocalization, compared to C 6 . This makes it difficult for pairwise-based models to directly calculate higher-order coefficients for large molecular pairs. To address this issue, in this work, we apply the multi-center based solid-sphere model 39 within the modified single-frequency approximation (MSFA) (see discussion below) to calculate the higher-order vdW coefficients between molecules. We find that this model can generate higher-order vdW coefficients C 8 and C 10 for diverse molecular pairs surprising well, with the MARE of less than 7%. This finding immediately enables us to treat higher-order interactions on the same footing of the leading-order contribution and thus sheds light on the development of accurate vdW correction that incorporates higher-order contributions for intermolecular interactions. This is particularly important for computational modeling of a broad class of molecular complexes and solids with efficient semilocal DFT.
The solid-sphere model was proposed to simulate the dynamic multipole polarizability of an atom. It is constructed to respect three exact limits: (i) exact dynamic multipole polarizability of the classical conducting sphere of uniform density, (ii) exact zero-frequency limit, and (iii) exact highfrequency limit. The model takes the simple analytic form
where iu is the imaginary frequency, ω l (r) = ω p (r)  l/(2l + 1) is the local vibrational frequency of a sphere, and ω p (r) =  4πn(r) is the local plasmon frequency of the extended electron gas, with n(r) being the true electron density. Θ(x) is a step function introduced to cut off all plasmon contributions outside the vdW radius R l so that the zero-frequency condition can be satisfied exactly. The two parameters R l and d l are determined by two conditions (ii) and (iii). 39 The solid-sphere model is an interpolation between the zero-frequency and high-frequency limits. It was shown 43 that the model yields the dipole, quadrupole, and octupole polarizability of the H and He atoms in excellent agreement with the exact ab initio calculations for the whole frequency. Since the model is exact for a sphere of uniform density, we may regard this model as an interpolation between the one-or two-electron density (paradigm of quantum chemistry) and the uniform density (paradigm of condensed matter physics). Because the model satisfies the exact zero-frequency limit, it requires the accurate static multipole polarizability α l (0) and the true electron density n(r) as input. We have recently applied the model to study the physisorption of atoms on surfaces of metals and semiconductors. 44 We found that the solid-sphere model can generate the vdW coefficients (C 3 and C 5 ) and adsorption energies accurate, with the MARE of about 5%.
The vdW coefficients can be calculated from the dynamic multipole polarizability of Eq. (2) with the secondorder perturbation expression 14 C
(iu). Clearly, calculation of the vdW coefficients involves six-fold integration in position space spanned by systems A and B, as indicated in Eq. (2). To simplify the calculation, we make use of the single-frequency approximation (SFA), 40 which assumes that (i) only valence electrons are polarizable, and (ii) the density is uniform inside the effective radius R l and zero otherwise. Within the SFA, d l = 1 and the model dynamic multipole polarizability takes the very simple form
where
is the l-dependent conventional vdW radius of a molecule, with α l (0) being the exact static multipole polarizability. The local plasmon frequency of the sphere of Eq. (2) is then replaced by the average plasmon frequency, which can be obtained from the average valence electron densityn = N/V l . Here, N is the number of valence electrons in a system, and V l is the l-dependent vdW volume calculated from the vdW radius, V l = 4πR 3 l /3. The vdW coefficients in SFA can be calculated from the dynamic multipole polarizability of Eq. (3) using the following expression:
where k = l 1 + l 2 + 1. However, there is an ambiguity in counting the number of valence electrons of an atom, except for alkali-metal and earth-alkaline-metal clusters, in which each atom has only one or two (ns) electrons in the outermost shell. In SFA, the number of valence electrons includes all electrons in the outermost shell. It means that the difference between ns electrons and np electrons has not been considered.
For the orbitals within the same shell or with the same principal quantum number (e.g., ns, np, and nd), s orbitals are much closer to the nucleus than the p orbitals, and p orbitals are closer to the nucleus than the d orbitals, as indicated by the average radius of atomic orbitals 45 or orbital energy. Therefore, s electrons have greatest penetration effect, followed by p and d electrons, respectively. Within the same shell, electrons in more diffused p subshell should be more easily deformed and thus have greater contribution to the polarizability than those in relatively compact s subshell. To incorporate this difference, we should only count the electrons in the outermost subshell as the number of valence electrons. This counting method has been adopted in the Slater-Kirkwood method. 46 For convenience, we call the present counting method as MSFA. This modification will not affect the previous benchmark studies, 40, 41 in which the SFA was validated through application to alkali-metal clusters.
Now we apply the solid-sphere model within the MSFA to calculate higher-order vdW coefficients C 8 and C 10 between molecules, for which the accurate input molecular static multipole polarizabilities are known, as given in Table I , and accurate reference values of C 8 and C 10 from ab initio methods [e.g., TDMP2 (time-dependent second-order Møller-Plesset perturbation theory) and TDHF (time-dependent HartreeFock)] are available in the literature for comparison. With these considerations, we calculate C 8 for 105 molecular pairs and C 10 for 54 molecular pairs. This data set also contains some complexes formed with rare-gas atoms and diatomic molecules. For convenience, the input static multipole polarizabilities and the total number of electrons in the outermost subshell are listed in Table I. Table II displays the statistical errors of C 8 and C 10 and the maximum errors for these molecular pairs. For comparison, we also calculate the C 6 based on 114 molecular pairs, which covers the data set for C 8 and C 10 . The results are also displayed in Table II . The detailed comparison of the calculated vdW coefficients with reference values can be found in Tables S1-S3 of the supplementary material. 58 From Table II , we observe that the MAREs of C 8 (5%) and C 10 (7%) are quite close to each other and both are nearly the same as that of C 6 (6%). This reflects the fact that, even within the SFA, the model dynamic multipole polarizability still respects the correct static and high-frequency limits for each order, which is necessary for accurate interpolation. As shown in Tables S1-S3 , 58 larger errors usually occur for the pair interactions between diatomics and the smallest rare-gas atoms He and Ne. The electron densities of rare-gas atoms have perfect spherical symmetry, but they are more rapidly varying, compared to molecules.
As shown in Table II , the maximum relative error for C 8 is 15% which occurs for O 2 -Ne and CO 2 -Ne and 21% for C 10 which occurs for Na 2 -He and K 2 -He, while the maximum relative error for C 6 is 28% which occurs for O 2 -He pair. This clearly suggests that the slow variation of the electron density is important, but it can be easily satisfied with molecules, as demonstrated here. Since the non-sphericity effect of the electron density can be mostly accounted for via the accurate input static multipole polarizability, the performance of this method should not be affected much by the symmetry of the system. Therefore, the solid-sphere model, though simple, can achieve good accuracy even for diatomics. This already good accuracy can be further improved with the increase of molecular size, because the electron density becomes more slowly varying with the increase of molecular size. To see this, we calculate the mean absolute relative errors for C 8 and C 10 , based on the pair interactions involving molecules larger than diatomics from the same data set. We find that the error for C 10 reduces to 5%, while it remains the same (5%) for C 8 . For this smaller set of molecular pairs, the error of TABLE II. Mean absolute relative error of C 6 , C 8 , and C 10 in comparison with accurate reference values, based on 114 pair interactions between molecules and/or rare-gas atoms, among which 114 pairs for C 6 , 105 pairs for C 8 , and 54 pairs for C 10 . The mean relative error and the maximum errors of each coefficient are also listed.
Mean relative error (%) C 6 amazingly becomes the same as those for C 8 to C 10 . The excellent consistency for each order should benefit from the fact that the model dynamic multipole polarizability α l (iu) satisfies the exact static limit and high-frequency condition (a condition stronger than the infinite-frequency condition) for each order l. Finally, it is worth pointing out that the input to this model is the molecular static multipole polarizability. This means that we treat molecules as whole objects, rather than decomposing them as a sum of effective atoms, as in atom pairwise-based models. The advantage of this treatment is that the model automatically accounts for the non-additive manybody interactions and electron delocalization effect. This is very important, in particular, for higher-order interactions, which shows very strong non-additivity. Consequently, the higher-order vdW coefficients generated from this model are consistently accurate, regardless of system size. On the other hand, due to the absence of this effect, pairwise-based models have difficulty in the evaluation of C 8 and C 10 .
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In summary, we have presented the first calculation of the higher-order vdW coefficients C 8 and C 10 between molecules with a model dynamic multipole polarizability. Our calculations show that the model can generate higher-order vdW coefficients, with remarkable accuracy, even within MSFA. We find that the errors are expectedly reduced when system size increases from diatomics to multi-center molecules, in which the density is more slowly varying and more symmetric, but still non-spherical, compared to diatomic molecules. This suggests the robustness of this model as a universal method for the study of intermolecular interactions in molecular complexes and solids. The only input of the model is the accurate static multipole polarizability, which may be calculated from wave function-based ab initio methods 18,48 such as finite-field techniques 59 or from TDDFT (time-dependent DFT) linear response theory. 19 While the calculation of higherorder static multipole polarizability takes some effort, it is much faster, compared to full frequency calculations, because the static multipole polarizability only involves single-point calculation, while a full frequency calculation often needs to be repeated at many frequency points to guarantee high accuracy. 60 An appealing feature of this method is the doubly consistent accuracy: consistent accuracy for diverse systems and consistent accuracy for both the leading-order and higherorder coefficients, as demonstrated in this work. Efficient and accurate prediction of higher-order vdW coefficients between molecules will provide systematic improvement over C 6 -based vdW corrections, significantly extending the applicability of efficient semilocal DFT. 
